Introduction
Many papers have been devoted recently to twisted K-theory as originally de…ned in [4] and [11] . See for instance the references [2] , [9] and the very accessible paper [12] . We o¤er here a di¤erent approach based on the notion of "twisted vector bundles". Roughly speaking, twisted K-theory is just usual K-theory applied to this new kind of bundles. A careful look at the notion shows that the novelty is just an interpretation of a module over an algebra bundle as a "second twist" on an usual vector bundle.
As it is well known, twisted K-theory is a graded group, indexed essentially by the third cohomology of the space X involved, namely H 3 (X; Z): The twisted vector bundles we de…ne in this paper are also indexed by elements of the same group up to isomorphism. They become in…nite dimensional when they are not torsion classes. This provides a geometric description of twisted K-theory, very close in spirit to Steenrod's de…nition of "coordinate bundles" [13] .
Usual operations on vector bundles (exterior powers, Adams operations...) may easily be extended to this twisted framework.
Twisted principal bundles
Let G be a topological group and let U =(U i ); i 2 I; be an open cover of a topological space 1 X: The µ Cech cohomology set H 1 (U; G) is well known [6] . One starts with "non abelian" 1-cocycles g, i.e. a set of continuous maps (also called "transition functions")
such that g kj g ji = g ki over U i \ U j \ U k : Two cocycles g and h are equivalent if there are continuous maps
such that u j g ji = h ji u i :
Date: 19 July 2010. 1 Although many de…nitions are quite general, we shall often restrict ourselves to compact spaces and, in some occasions, to locally compact spaces.
The set of equivalence classes is denoted by H 1 (U; G): A covering V =(V s ); s 2 S; is a re…nement of U if there is a map : S ! I such that V s U (s) : We then have a "restriction map"
by assigning to the g 0 s the functions k = (g) de…ned by k s;r = g (s); (r) :
It is shown in [6, pg. 48] for instance that the map R is in fact independant of the choice of : We then de…ne
where U runs through the "set"of coverings of X:
Let now Z be a subgroup in the center of G and let = ( kji ) be a completely normalized 2-cocycle of U with values in Z: This means that = 1 if 2 of the 3 indices k; j; i are equal and that
where is a permutation of the indices (i; j; k) with signature "( ). Remark 1.1. One can prove (see [8] for instance) that a µ Cech cocycle in any dimension is cohomologous to a completely normalized one.
A -twisted 1-cocycle (simply called twisted cocycle if is implicit) is then given by transition functions g = (g ji ) as above such that g ii = 1; g ji = (g ij ) 1 and g kj g ji = g ki kji over U i \ U j \ U k : If we compute the product g lk g kj g ji in two di¤erent ways using associativity, we indeed …nd that should be a 2-cocycle. On the other hand, one can easily show that the function g ij g jk g ki is invariant under a circular permutation of the indices and is changed in its inverse if we permute i and k: Since we have kjk = 1; the cocycle should also be completely normalized. Two twisted cocycles g and h are equivalent if there are continuous maps u i : U i ! G such that we have a condition analogous to the above u j g ji = h ji u i (1) We de…ne the twisted (non abelian) cohomology H 1 (U; G) as the set of equivalence classes. Proposition 1.2. Let be a 2-cocycle cohomologous to , i.e. such that we have the relation kji = kji ji 1 ki kj for some = ( ji ) with ji = ( j ) 1 and ii = 1: Then the map
associating to (g) the twisted cocycle (g 0 ) given by g 0 ji = g ji ji is an isomorphism.
Proof. If we compute g 0 kj g 0 ji we indeed …nd g 0 kj g 0 ji = g 0 ki kji kj ji ( ki ) 1 = g 0 ki kji : This shows that the map is well de…ned. The inverse map is of course given by the correspondance (g 0 ji ) 7 ! (g 0 ji 1 ji ): From the previous considerations one may de…ne the following category. The objects are -twisted bundles on a covering U, the morphisms between (g ji ) and (h ji ) being de…ned by continuous maps (g i ) as above, with the compatibility condition (1) . In this category the covering U is …xed together with the 2-cocycle .
However, this category is too rigid for our purposes, since we would like to consider covering re…nements. More precisely, let V = (V s ); s 2 S; be a re…nement of the covering U = (U i ); i 2 I. Therefore, there is a map :
which is no longer an isomorphism. Starting with a twisted cocycle (g ji ), the map de…nes another one (h sr ) by the formula
The 2-cocycle associated to h is tsr = g (t) (s) g (s) (r) g (r) (t) = (t) (s) (r) : Proposition 1.3. Let and 0 be two maps from S to I such that V s U (s) and V s U 0 (s) and let x be an element of the set H 1 (U; G): Then (x) and 0 (x) are related through an isomorphism Proof. Let h 0 be the following transition functions h 0 sr = g 0 (s) 0 (r) : We can write h 0 sr = g 0 (s) (s) h sr g (r) 0 (r) sr ; where sr = 0 (s) (r) (s) 0 (s) 0 (r) (r) : Since we have h rs = (h sr ) 1 ; h rr = 1 and the same properties for h 0 ; it follows that rs = ( sr ) 1 and rr = 1: Therefore, 1) the twisted 1-cocycles (h sr ) and (h sr ); where h sr = g 0 (s) (s) h sr g (r) 0 (r) are isomorphic in the category of twisted bundles with the same twist, 2) the twisted 1-cocycle (h sr ) and (h 0 sr ) are also isomorphic through the isomorphism
We note that 0 is the following 2-cocycle with values in C 0 tsr = h ts h sr :h rt = h ts h sr h rt ts sr rt = tsr ts sr rt which is of course cohomologous to :
It remains to show that the isomorphism
depends only of and 0 and not of the speci…c element x: The previous identity shows that the 2-cocycles and 0 are cohomologous through the completely normalized 1-cochain which is only a function of :
However, the previous computation assumed implicitly that given a completely normalized 2-cocycle , there is a twisted 1-cocycle (g ji ) with as a twist. Unfortunately, this is not true in general. In order to deal with this problem, we can argue as follows. First there is no loss of generality by assuming that X is connected, so that we can choose a base point on X: Let now P X be the path space of X and let : P X ! X be the canonical map associating to a path (starting with the base point) its end point. In order to check that ts sr rt = 0 tsr ( tsr ) 1 ; we consider the covering of P X de…ned by the pull-back (U) of the covering U of X: Since the nerve of (U) is contractible, there is a completely normalized 1-cochain g, with values in the center Z(G) of G; such that tsr is the associated twist, i.e. its coboundary. This enables us to perform the previous computations on P X (with g as our 1-twisted cocycle) and hence on X; since the pull-back of functions from X to P X by the map is injective.
Twisted vector bundles
The main interest of this paper is the theory of "twisted" vector bundles 2 . This is essentially the theory described in Section 1 with the structural group G = GL n (C): However, to keep track of the linear structure and because we want the "…bers"not to have the same dimension on each connected component of X, we change slightly the general de…nition as follows. We start as before with a covering U = (U i ); i 2 I , together with a …nite dimensional vector space E i "over"U i : Another data is a completely normalized 2-cocycle kji with values in C : Then a -twisted vector bundle E on X is de…ned by transitions functions
and g kj g ji = g ki kji as in the previous Section. There is however a slight change for the de…nition of morphisms from a twisted vector bundle E to another one F with the same twist : They are de…ned as continuous maps
The point is that we no longer require the u i to be isomorphisms. More generally, let E be a -twisted vector bundle on a covering U with transitions functions (g ji ) and let F be a -twisted vector bundle on the same covering with transition functions (h ji ). We de…ne a 1twisted vector bundle in the following way: over each U i we take as "…ber"Hom(E i ; F i ) and as transition functions the isomorphisms
We denote this twisted vector bundle by HOM(E; F ): An interesting case is when E and F are associated to the same 2-cocycle : Then HOM(E; F ) is a genuine vector bundle and we get the following proposition.
Proposition 2.1. Let E and F be two -twisted vector bundles. Then the vector space of morphisms from E to F; i.e. Hom(E; F ); may be identi…ed canonically with the vector space of sections of the vector bundle HOM(E; F ):
Proof. A section of this vector bundle is de…ned by elements
which is exactly the de…nition of the morphisms from E to F:
An even more interesting case is when E = F; so that HOM(E; E) = END(E) is an algebra bundle A. We have the following theorem which relates algebra bundles to twisted vector bundles.
where E is a twisted vector bundle on a suitable …ne covering of X:
Proof. Let us put V = C n : Then the structural group of A is PGL n (C) = GL n (C)=C ; where PGL n (C) acts on M n (C) by inner automorphisms. We can describe this bundle A by transition functions
for a suitable covering U = (U i ) of X: On the other hand, the principal …bration
admits local continuous sections. Therefore, if we choose the covering U = (U i ) …ne enough, we can lift these ji into continuous functions
Moreover, we may choose the g ji such that g ii = 1; g ij = (g ji ) 1 . Therefore, we have the identity g kj g ji = g ki kji , where
is de facto a completely normalized 2-cocycle. If E is the twisted vector bundle associated to the g 0 s; we see that END(E) has transition functions which are
i.e. the inner automorphisms associated to the g ji : Remark 2.3. We shall assume from now on that the coverings U we are considering are "…ne". This means that U has a …nite number of elements and that all possible intersections of elements of U are either empty or contractible. In the previous theorem, we are then able to replace the words "suitable …ne"by "…ne"since the …bration
has the homotopy lifting property. In this case, we also have H (X) = H (N (U)); K(X) = K(N (U)); etc., where N (U) is the nerve of the covering U:
The previous considerations may be used to prove that the cohomology class in H 3 (X; Z) associated to a twisted vector bundle is a torsion class (if the covering is …ne as in the Remark 2.3). For this, we look at the commutative diagram
The non abelian cohomologies H 1 (X; P U (n)) and H 1 (X; P GL n (C)) are isomorphic and the coboundary map
factorizes through H 2 (X; n ): Therefore the cocycle ( kji ) de…nes a torsion class in H 3 (X; Z): It is a theorem of Serre [5] that any element of the torsion in H 3 (X; Z) comes from an algebra bundle as we have described. Later on, we shall show how we can recover the full cohomology group H 3 (X; Z) from algebra bundles of in…nite dimension, as it was done with a slightly di¤erent point of view by Rosenberg [11] .
The following theorem is important for our dictionnary relating twisted vector bundles to module bundles over suitable bundles of algebras. is an isomorphism. Since N is a direct summand of some M r ; it is enough to check the statement for N = M in which case it is obvious. This functorial isomorphism at the level of vector spaces may be translated in the framework of twisted vector bundles by the isomorphism This shows that the functor is fully faithful.
On the other hand, we have a canonical isomorphism of vector spaces
which can also be translated in the framework of twisted vector bundles. This shows that if we start with a bundle H which is a right A-module, where A is some END(E); we can associate to it a twisted vector bundle F by the formula
Since HOM(E; F ) A E is canonically isomorphic to F; 0 induces a functor backwards
Finally, there is an obvious isomorphism
which shows that the functor is essentially surjective, since ( 0 (H)) = H:
This module interpretation enables us to prove the following Theorem.
Theorem 2.5. Let U = (U i ); i 2 I; be a …ne covering of X in the sense of the Remark 2.3 and let V = (V s ); s 2 S; be a re…nement of U which is also …ne. Then for any : S ! I such that V s U (s) ; the associated restriction map R : H 1 (U; GL n (C)) ! H 1 ( ) (V; GL n (C)) is a bijection.
Proof. Since U is …ne, for any completely symmetric cocycle ; one can …nd a twisted vector bundle E of rank m on U and V, such that A = END(E) is a bundle of algebras associated to : According to the previous equivalence of categories, the sets H 1 (U; GL n (C)) and H 1 ( ) (V; GL n (C)) are in bijective correspondence with the set of Amodules which are locally of the type Hom(C m ; C n ): With this identi-…cation, the restriction map R is just an automorphism of this set.
Twisted K-theory (the ungraded case)
If we …x a …ne covering U of a space X and a completely normalized 2-cocycle kji with values in C ; we may consider the category of twisted vector bundles associated to this covering and to this cocycle. This is clearly an additive category which is moreover pseudo-abelian (every projection operator has a kernel). We denote by K (U) its Grothendieck group which is also the same as the K-group of the category of A-modules over X where A = END(E), as explained at the end of the previous Section. Since this de…nition is independant of U up to isomorphism, we shall also call it K (X): this is the classical de…nition of (ungraded) twisted K-theory as detailed in many references [4] , [2] , [9] .
In this situation, the cocycle has a cohomology class in the torsion subgroup of H 3 (X; Z). Let us now consider the case where is not a torsion class. For this, we should consider "twisted Hilbert bundles" which are de…ned in the same way as twisted vector bundles but with a …ber which is an in…nite dimensional Hilbert space H: It is also more convenient to use the unitary group U (H) instead of the general linear group as our basic structural group. In other words, the (g ji ) in Section 2 become elements of U (H) and the 2-cocycle ( kji ) takes its values in the full topological group S 1 :
From the …bration Proof. We just copy the proof of Theorem 2.2 in the in…nite dimensional case.
The following theorem is also completely analogous to Theorem 2.4 and its proof will be omitted. is an equivalence of categories.
For 2 H 3 (X; Z) which is not a torsion class, we de…ne twisted K-theory as the set of homotopy classes of triples
where E 0 and E 1 are -twisted Hilbert bundles on a …ne covering U and D is a family of Fredholm operators 5 from E 0 to E 1 : With the operation induced by the direct sum of triples, we get a group denoted by K (U): We note that K (U) is a module over K(U): Here K(U) is a short notation for the usual K-theory of the nerve of U: Since U is …ne as in the remark 2.3, this is the classical topological K-group K(X):
Let us now consider the Banach category of -twisted Hilbert bundles. This category is equivalent to the category of bundles of Amodules where A is the algebra bundle above with …ber L(H). Let A=K be the quotient of the bundle A by the closed ideal of compact operators (on each …ber). Here we note that U (H) also acts on the space K(H) of compact operators in H; so that K is an algebra bundle with …ber K(H): Proof. Let us denote in general by M the class of M as an A=K-module.
We have a continuous map
where the notation F stands for Fredholm maps. According to a classical theorem on Banach spaces, this map admits a continuous section. Therefore, we get a trivial …bration with contractible …ber which is the Banach space K(H): The proposition follows immediately.
The philosophy of the lemma is that our de…nition of twisted Ktheory is equivalent to the Grothendieck group of the Banach functor P 0 (A) ! P 0 (A/K) as de…ned in [10, Section II]. By a variant of a well-known theorem of Serre and Swan, already used in [9] , P 0 (A) (resp. P 0 (A/K)) is the category of free modules over (X; A); the algebra of sections of A (resp. A=K): Since K 0 (P 0 (A)) = 0; this Grothendieck group is canonically isomorphic to K(K) which is precisely the original de…nition of Rosenberg [11] since K is the algebra bundle with …ber K(H) associated to the cocycle : Remark 3.4. There is also a description of twisted K-theory in terms of Fredholm operator if is of …nite order. This is detailed in [4, pg. 18 ]. If = 1; we recover the theorem of Atiyah and Janich [1] , [7] , in a slightly weaker form.
As it is well known (see e.g. [9] ), one advantage of the Fredholm de…nition of twisted K-theory (for of …nite or in…nite order) is an handy de…nition of the cup-product. For this, it is more convenient to view E = E 1 E 1 as a Z=2-graded twisted bundle and replace D by the following operator r which is self-adjoint and of degree 1:
The cup-product of (E; r) by another couple of the same type (E 0 ; r 0 ) is simply de…ned by the formula
We notice that if E is associated to the twist ; E 0 to the twist 0 ; the cup-product is associated to the twist 0 , a cocycle which cohomology class is the sum of the two related cohomology classes in H 3 (X; Z).
Twisted K-theory (the graded case)
As it is shown in [4] and [9] , the previous considerations admit a graded variant which de…nes graded twisted K-theory. This graded version is necessary for an interpretation of Thom's isomorphism in the case of a real vector bundle V in full generality, without necessarily the existence of a Spin c -structure on V . We shall concentrate ourselves to the twisted version for non torsion classes in the third cohomology group. We note that that the case of torsion classes has been studied extensively in [4] .
In comparizon with the non graded version, one has to replace the basic structural group U (H) by the group (H) of matrices in U (H H) of the type
The point here is that (H) acts by inner automorphisms on L(H H) with a degree shift which is either 0 or 1; the …rst copy of H being of degree 0 and the second one of degree 1: As in the previous Section, we can give a graded module interpretation of twisted Hilbert bundles modelled on (H). If E is such a graded twisted Hilbert bundle, A = END(E) is a bundle of graded algebras with …ber L(H H): Conversely, for any bundle of algebras A with …ber L(H H) there is a twisted Hilbert bundle E with structural group (H) such that A is isomorphic to END(E): According to [4] , [9] and our previous computations, this type of graded algebras is classi…ed by the following cohomology group
with a twisted addition rule, as explained in [4, p. 10] .The …rst invariant in H 1 (X; Z=2) is induced by the map
which describes the type of matrices in (H) (diagonal or antidiagonal). The second invariant is de…ned as in the …rst Section by the underlying non graded twiested Hilbert bundles.
If we consider the graded tensor product of the twisted Hilbert bundle E by the Cli¤ord algebra C 0;1 = C [x] =(x 2 1); we get another type of structural group we might call 1 (H) which is simply U (H) U (H): Here the elements of degree 0 are of the type (g; g); while the ones of degree 1 are of the type (g; g): Algebraicallly, this re ‡ects the fact that over the complex numbers there are two types of Z=2-graded Azumaya algebra, up to graded Morita equivalence, which are C and C C: For simplicity in the following discussion, we shall restrict ourselves to the …rst case which is related to the group (H) mentionned above. We note however that in the real case, there are 8 types of graded algebras to consider instead of 2; as already noticed in [4] . They correspond to the Cli¤ord algebras C 0;n for n = 0; 1:::; 7 over the real numbers.
If E and F are two graded twisted Hilbert bundles of structural group (H), a morphism (g i ) is of degree 0 (resp. 1) if it is represented locally by a matrix of the type
As in [9] , we now de…ne the graded version of twisted K-theory as the group generated by couples (E; r); where E is a Z=2-graded twisted Hilbert bundle and r is a family of Fredholm operators satisfying the following two properties: 1) r is self-adjoint 2) r is of degree 1. We note the analogy with the considerations at the end of the previous Section, except that the basic structural group G is no longer U (H) but (H):
As it was pointed out also at the end of this Section, the cup-product may be de…ned by the formula:
where tensor products are always Z=2-graded. Let Finally, one should point out that there is a variant of this Fredholm de…nition of twisted K-theory on a base X which is locally compact: the family of Fredholm operators r must be an isomorphism outside a compact set. This remark will be important for the de…nition of Thom's isomorphism in the next Section.
Thom' s isomorphism and operations in twisted K-theory
This Section is just a short rewriting of the corresponding Sections 4 and 7 of [9] with the point of view of twisted Hilbert bundles. It is added for completeness'sake.
In order to de…ne Thom's isomorphism in twisted K-theory as it was done in [9] and [3] with a di¤erent point of view, we need to consider twisted Hilbert bundles with a Cli¤ord module structure. More precisely, let V be a …nite dimensional real vector bundle on X; provided with a positive metric. If is a graded twist given by a covering U = (U i ) together with a couple ( 1 ; 3 ) consisting of a 1-cocycle with values in Z=2 and a 2-cocycle with values in S 1 : We de…ne the Grothendieck group K V (X; ) as the set of homotopy classes of couples
where E is a Z=2-graded twisted Hilbert bundle which is also a graded C(V )-module, V acting by self-ajoint endomorphisms of degree 1. The family of Fredholm operators r must satisfy the following properties 1) r is self-adjoint and of degree 1; as in the previous Section 2) r anticommutes with the elements v in V This group is not entirely new. Through the module interpretation, it has been described with great details in [9] § 4: We should also notice that this structure of C(V )-module can be integrated into the twist : if w 1 = w 1 (V ) and w 2 = w 2 (V ) are the …rst two Stiefel-Whitney classes of V; one has to replace by the sum of and C(V ) in the graded Brauer group (this was one of the main motivations for the paper [4] ). This gives a twist associated to the cohomology classes 1 + w 1 (V ) in degree one and 3 + ( 1 w 1 ) + (w 2 ) in degree 3:
Using our previous reference [9] , we are able to de…ne Thom's isomorphism t : K V (X; ) ! K(V ; ) as follows. First of all, denotes the projection V ! X: Secondly, if (E; r) de…nes an element of the group K V (X; ); we describe t(E; r) as the couple ( (E); r 0 ); where r 0 is de…ned over a point v of V , with projection x; by the formula r 0 v = v + r x : We recognize here the formula already given in [9] , the only change being the replacement of module bundles by twisted Hilbert bundles.
Operations on twisted K-theory have already been de…ned in many references [4] , [2] , [9] . We just want to show that twisted Hilbert bundles gives a nice framework to rede…ne them. For simplicity's sake, we restrict ourselves to non graded twisted K-groups.
If we start with an element (E; r) de…ning an element of K (X) as at the end of Section 3, its k-power (E b k ; r ::: 1 + ::: + 1 ::: r)
inherits an action of the symmetric group S k : We should notice that the twist of the k-power is now k : According to Atiyah's philosophy [1] , the k-power map de…nes a map K (X) ! K k (X) Z R(S k );
where R(S k ) de…nes the complex representation ring of S k : Therefore, any Z-homomorphism R(S k ) ! Z gives rise to an operation in twisted K-theory. In particular, the Grothendieck exterior powers and the Adams operations may de…ned in twisted K-theory, using Atiyah's method.
Remark 5.1. If the class of in H 3 (X; Z) is of …nite order, it is not necessary to consider twisted Hilbert bundles and Fredholm operators. One just deal with …nite dimensional twisted vector bundles as in Section 2:
Remark 5.2. One should notice that cup-products and operations are more delicate to de…ne in graded twisted K-theory, even for coe¢cients of …nite order. This was pointed out in [4] and recalled in [9] . Fredholm operators were introduced in [4] in order to deal with this problem, before subsequent works on the subject.
